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Abstract
In this communication, the closure formulas of von Ka´rma´n–Howarth and
Corrsin equations are obtained through the Liouville theorem and the hy-
pothesis of homogeneous isotropic incompressible turbulence. Such closures,
based on the concept that, in fully developed turbulence, contiguous fluid
particles trajectories continuously diverge, are of non–diffusive nature, and
express a correlations spatial propagation phenomenon between the several
scales which occurs with a propagation speed depending on length scale and
velocity standard deviation. These closure formulas coincide with those just
obtained in previous works through the finite scale Lyapunov analysis of the
fluid act of motion. Here, unlike the other articles, the present study does
not use the Lyapunov theory, and provides the closures showing first an exact
relationship between the pair spatial correlations calculated with the velocity
distribution function and those obtained using the material separation line
distribution function. As this analysis does not adopt the Lyapunov theory,
this does not need the definition and/or the existence of the Lyapunov ex-
ponents. Accordingly, the present proof of the closures results to be more
general and rigorous than that presented in the other works, corroborating
the previous results.
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1. Introduction
The von Ka´rma´n–Howarth and Corrsin equations are evolution equa-
tions of longitudinal velocity and temperature correlations in homogeneous
isotropic turbulence, respectively. Both the equations, being unclosed, need
the adoption of proper closures [1, 2, 3, 4]. In detail, such equations in-
clude K and G, terms due, respectively, to inertia forces and to temperature
convective effect. These terms, directly related to the longitudinal triple ve-
locity correlation and to the triple velocity–temperature correlation, require
an adequate modeling which must take into account that inertia forces and
convective effect do not modify average kinetic and thermal energies. In ad-
dition K satisfies the detailed conservation of energy [2] following which the
exchange of energy between wave–numbers is only linked to the amplitudes
of such wave–numbers and of their difference [5]. Although numerous articles
were written which concern the closures of the autocorrelation equations in
the Fourier domain (Lin equation) [6, 7, 8, 9, 10, 11, 12, 13, 14], few arti-
cles address the closures of K and G in the physical space [15, 16, 17, 18].
These latter, being based on the eddy–viscosity concept, describe diffusive
closure models. In such framework, Hasselmann [15] proposed, in 1958, a
closure model which expresses K through a complex expression, and Million-
shtchikov developed a closure model which exhibits an empirical constant
[16]. Although both these models propose two closures that in particular
conditions adequately describe the energy cascade, in general, these do not
satisfy some physical conditions. More recently, Oberlack and Peters [17]
suggested a closure that exhibits a free parameter. The authors show that,
for a proper choice of such parameter, the closure reproduces the energy cas-
cade providing results in agreement with the experiments [17]. Thereafter,
Khabirov and Unal [19, 20] studied the non–closed von Ka´rma´n–Howarth
equation by group theoretical methods and suggested solutions to the closure
problem of isotropic turbulence, especially for the decay of the turbulence.
For what concerns the Corrsin equation, Baev and Chernykh [18] (and ref-
erences therein) analyzed velocity and temperature correlations by means of
a closure model based on the gradient hypothesis which relates pair longitu-
dinal second and third order correlations, by means of empirical coefficients.
Although other works regarding the von Ka´rma´n–Howarth and Corrsin equa-
tions were written [21, 22, 23, 24, 25], [26, 27, 28], to the author’s knowledge
a physical–mathematical analysis based on basic statistical principles which
lead to the analytical closures of these equations has not received due atten-
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tion. Therefore, the purpose of this article is to propose closures of the von
Ka´rma´n–Howarth and Corrsin equations by means of a theory which does
not adopt the eddy–viscosity paradigm.
Unlike the other works, the proposed analysis provides nondiffusive clo-
sures in the physical space which are based on the Liouville theorem, and
on the concept that, due to bifurcations in developed turbulence, contiguous
fluid particles trajectories continuously diverge. Specifically, the proposed
closures are obtained through the rate of material separation line distribu-
tion function in isotropic turbulence whose analytical form is achieved by
means of the Liouville theorem. Such closures correspond to a spatial propa-
gation mechanism of the correlations between the scales which happens with
a propagation speed depending on length scale and velocity standard devi-
ation. These formulas coincide with those just obtained in Refs. [29, 30]
and [31] where the author shows that these closures adequately describe the
energy cascade phenomenon, reproducing negative skewness of velocity dif-
ference in very good agreement with the litarature data [32, 33, 34, 35, 36, 37],
the Kolmogorov law and temperature spectra in line with the theoretical ar-
gumentation of Kolmogorov, Obukhov–Corrsin and Batchelor [38, 39, 40],
with experimental results [41, 42], and with numerical data [43, 44].
Unlike the previous articles [29, 30, 31, 45], which derive such closures
through finite scale Lyapunov theory and Liouville theorem, the present anal-
ysis does not adopt the Lyapunov theory. The present formulation only uses
Liouville theorem and distribution function rate of the fluid placement.
Specifically, the present proof of the closures is based on the following
elements:
a) As the consequence of bifurcations properties and fully developed chaos
hypothesis, the material separation lines distribution function is assumed to
be statistically independent of the velocity field distribution function.
b) The material line distribution function is expressed by means of the
hypotheses of fluid incompressibility and statistical isotropy.
c) Due to statistical isotropy, an exact relation is first obtained between
spatial correlations calculated using the distribution function of material line
and those obtained by means of the velocity field distribution function. This
relation, necessary for obtaining the proposed closures, represents a novelty
of the present work with respect to the previous ones where such relationship
was assumed to be valid in an intuitive way.
d) Next, thanks to their properties of maintaining unaltered average ki-
netic and thermal energies, K and G are recognized to be only due to the
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rate of separation lines distribution function, where the latter is formally
expressed by means of the Liouville theorem.
Hence, the present analysis does not require the Lyapunov theory and
results to be more general and rigorous than the formulations presented in
[29, 30, 31, 45], showing that the Lyapunov theory is a sufficient analytical
tool for achieving the same formulas, corroborating the previous results.
2. Background
This background has the purpose to summarize the link between Navier–
Stokes equations bifurcations, fluctuations of velocity and temperature fields,
and fluid particles trajectories divergence, which is useful for the present
analysis. To this end, we start from the Navier–Stokes equations and heat
equation
∇x · u = 0,
∂u
∂t
= −∇xu u−
∇xp
ρ
+ ν∇2
x
u
(1)
∂ϑ
∂t
= −u · ∇xϑ+ χ∇
2
x
ϑ (2)
where u=u(t,x), p=p(t,x) and ϑ=ϑ(t,x) are velocity, pressure and tem-
perature fields, ν and χ=kρ/Cp are fluid kinematic viscosity and thermal
diffusivity, being ρ =const, k and Cp density, fluid thermal conductivity and
specific heat at constant pressure, respectively. In this study ν and χ are sup-
posed to be independent from the temperature, thus Eqs. (1) is autonomous
with respect to Eq. (2), whereas Eq. (2) will depend on Eqs. (1).
In order to define the bifurcations of the partial differential system (1)–
(2), in line with Refs. [31, 45], Eqs. (1)–(2) are first reduced to the symbolic
form of operators. To make this, in the momentum Navier–Stokes equations,
the pressure is eliminated through the continuity equation, thus Eqs. (1) and
(2) are formally written as follows
u˙ = N(u; ν), (3)
ϑ˙ = M(u, ϑ;χ) (4)
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in which N is a nonlinear quadratic operator incorporating −u·∇xu, −ν∇
2
x
u
and the integral nonlinear operator which expresses the pressure gradient as
a functional of the velocity field, being
p(t,x) =
ρ
4pi
∫
∂2u′iu
′
j
∂x′i∂x
′
j
dV (x′)
|x′ − x|
(5)
Accordingly, the pressure, being a functional of velocity field, provides non-
local effects on u [46], and the Navier–Stokes equations are reduced to be an
integro–differential equation formally expressed by Eq. (3). For what con-
cerns Eq. (4), it is the evolution equation of ϑ, where M is a linear operator
of ϑ.
At this stage of the present study, Eqs. (3) and (4) can be dealt with
according to the analysis method proposed by Ruelle and Takens in Ref. [47]
where the authors supposed that the infinite dimensional space of velocity
field {u} can be replaced by a finite-dimensional manifold, thus Eqs. (3)
and (4) can be reduced to be the equation of the kind studied by Ruelle and
Takens in Ref. [47]. Therefore, the classical bifurcation theory of ordinary
differential equations [47, 48, 49] can be formally applied to Eq. (3) and (4),
and the present analysis can be considered to be valid in the limits of the
formulation proposed in Ref. [47].
As M is linear with respect to ϑ, transition and turbulence are caused by
the bifurcations of Eq. (3), where ν−1 plays the role of the control param-
eter. Such bifurcations occur when the Jacobian ∇uN exhibits at least an
eigenvalue with zero real part (NS–bifurcations), and this occurs when
det(∇uN) = 0. (6)
Such bifurcations are responsible for multiple velocity fields uˆ which provides
the same field u˙. In fact, during the fluid motion, multiple solutions uˆ and
ϑˆ can be determined, at each instant, through inversion of Eq. (3)
u˙ = N(u; ν)
uˆ = N−1(u˙; ν),
ϑˆ =M−1(ϑ˙, uˆ;χ)
(7)
It is worth remarking that, one single Navier–Stokes bifurcation, which pro-
duces doubling of the values of u, also causes doubling of all the characteris-
tics associated with velocity and temperature fields, with particular reference
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to their characteristic scales [45]. Therefore, in fully developed turbulence,
when the number of the Navier–Stokes equations bifurcations diverges, veloc-
ity, temperature fields and their length scales are expected to be continuously
distributed [45].
On the other hand, the fluid volume changes its placement and deforms
its shape according to
x˙ = u(t,x),
ξ˙ = u(t,x+ ξ)− u(t,x),
(8)
Equations (8) provide fluid displacement and relative kinematics, where x(t)
and y(t) = x(t) + ξ(t) are two arbitrary fluid particles trajectories, and ξ
is the corresponding separation vector. One point of the physical space is of
bifurcation for the velocity field (kinematic bifurcation) if ∇xu(t,x) has at
least an eigenvalue with zero real part, and this happens when its determinant
vanishes, i.e.
det (∇xu(t,x)) = 0. (9)
Now, the Navier–Stokes bifurcations have significant implications for what
concerns the relative kinematics of velocity field. Specifically, Ref. [31, 45]
show that, the continuous doubling of velocity field values and of the corre-
sponding scales cause non smooth spatial variations of u(t,x), t >0, which in
turn deternine very frequent kinematic bifurcations, and that, in fully devel-
oped turbulence, the fluctuations of ξ are much more rapid and statistically
independent with respect to the time variations of velocity field. Due to the
fluid incompressibility, two fluid particles will describe chaotic trajectories,
x(t) and y(t) = x(t) + ξ(t), which diverge with each other with a local rate
of divergence quantified by the local velocity longitudinal component U
U = ξ˙ ·
ξ
ξ
(10)
Because of its definition (10) and according to the analysis of Ref. [31, 45],
U is a fluctuating quantity much faster than u and ϑ, whose distribution
function directly arises from the statistics of ξ.
Accordingly, in fully developed turbulence, the time–scales of ξ are ex-
pected to be completely separated from those associated with u and ϑ in
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the sense that ξ and (u, ϑ) exhibit chaotic behavior and their power spectra
are supposed to be located in frequency intervals which are completely sep-
arated. Thus, ξ and (u, ϑ) are considered to be statistically uncorrelated.
This means that the effect of the trajectories divergence is much more rapid
and statistically uncorrelated with respect to the variations of the velocity
field. This property is supported by the arguments presented in Ref. [50, 51]
(and references therein), where the author observes the that: a) The fields
u(t,x), (and therefore also u(t,x+ ξ) − u(t,x)) produce chaotic trajecto-
ries also for relatively simple mathematical structure of the right–hand sides
u(t,x) (also for steady fields!). b) The flows given by u(t,x) (and therefore
also u(t,x+ ξ)− u(t,x)) stretch and fold continuously and rapidly causing
an effective mixing of the particles trajectories.
3. Distribution functions of u, ϑ, x, ξ and U
According to this analysis, u, ϑ, x and ξ are fluid state variables, thus
the distribution function of these latter, P , follows the Liouville theorem
associated with Eqs. (3)–(4) and (8) [52]
∂P
∂t
+
δ
δu
· (P u˙) +
δ
δϑ
·
(
P ϑ˙
)
+
∂
∂x
· (P x˙) +
∂
∂ξ
·
(
P ξ˙
)
= 0 (11)
where, following the notation of Eqs. (3)–(4), δ/δu and δ/δϑ are functional
partial derivatives with respect to u and ϑ, respectively and (∂/∂◦) · stands
for the divergence with respect to ◦. In line with the previous sections and
with Refs. [31, 53, 45], P can be factorized as follows
P (t,u, ϑ,x, ξ) = F (t,u, ϑ)Pξ(t,x, ξ) (12)
being F and Pξ the distribution functions of (u, ϑ), and of (x, ξ), respectively.
Observe that Eq. (12) represents the crucial point of this study, being the
hypothesis of fully developed turbulence of this analysis. The instantaneous
rates of F and Pξ are formally obtained from Eq. (11), taking into account
the aforementioned statistical independence (12). This allows to split the
Liouville equation (11) in the two following equations
∂F
∂t
+
δ
δu
· (F u˙) +
δ
δϑ
·
(
F ϑ˙
)
= 0,
∂Pξ
∂t
+
∂
∂x
· (Pξx˙) +
∂
∂ξ
·
(
Pξξ˙
)
= 0
(13)
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On the other hand, in homogeneous isotropic turbulence, Pξ does not depend
on x, and results to be a function of |ξ| − r, where r plays the role of
finite scale. Moreover, as |ξ| is considered to be given at each instant, Pξ
is a distribution of ξ strongly peaked in |ξ| = r. This implies that, at
each instant, in homogenous isotropic turbulence in infinite fluid region, the
distribution function of ξ can be represented by the following form
Pξ =
1
4pir2
δ(ξ − r),
ξ = |ξ|,
∀t ≥ 0
(14)
and its variation rate effects can be formally calculated by means of Eqs.
(11)–(13).
Also U is statistically independent of the velocity field and is continuously
distributed in its range of variation, being
U ∈ (Um, US) ,
Um = inf {U} , US = sup {U}
(15)
In order to determine the interval (Um, US) in incompressible isotropic tur-
bulence, consider first the volume built on the separation vectors ξ1, ξ2 and
ξ3 initially orthogonal with each other such that |ξ1| =|ξ2|=|ξ3|=ξ, which
satisfy Eq. (8). This volume can be expressed by
V = (ξ1 × ξ2) · ξ3 (16)
thus, its rate reads as follows
dV
dt
=
(
ξ˙1 × ξ2
)
· ξ3 +
(
ξ1 × ξ˙2
)
· ξ3 + (ξ1 × ξ2) · ξ˙3 (17)
If these vectors are infinitesimal in the sense that ξ → 0, due to continuity
dV/dt ≡0. On the contrary, when ξ is finite, the rate of V can be different
from zero. Nevertheless, due to homogeneous and isotropic turbulence, the
average of dV/dt is expected to be equal to zero, i.e.〈
dV
dt
〉
ξ
=
〈(
ξ˙1 × ξ2
)
· ξ3 +
(
ξ1 × ξ˙2
)
· ξ3 + (ξ1 × ξ2) · ξ˙3
〉
ξ
= 0 (18)
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where 〈◦〉ξ denotes the average of ◦ calculated, through Pξ. Adopting the
longitudinal components of velocity differences ξ˙k, defined as
Uk = ξ˙k ·
ξk
ξk
, k = 1, 2, 3 (19)
Eq. (18) can be written in terms of Uk in the following manner
〈U1 + U2 + U3〉ξ ξ
2 = 0, (20)
where, because of statistical hypothesis of isotropy, each addend of Eq. (20)
can be expressed in such a way that
Uk = Ak cos
(
ε+
2
3
(k − 1)pi
)
, k = 1, 2, 3,
〈A1〉ξ = 〈A2〉ξ = 〈A3〉ξ ,
sup {A1} = sup {A2} = sup {A3} ≡ AS,
(21)
in which ε has to be determined, whereas Ak play the role of fluctuating vari-
ables. Now, according to the hypothesis of fully developed chaos, the num-
ber of kinematic bifurcations diverges, thus it is expected US ≡ sup {U} ≥0
will assume its maximum value compatible with Eq.(21), whereas Um ≡
inf {U} ≤0 is consequently determined. Therefore, US is calculated as
US = sup
Ak=AS , ε
{U1, U2, U3}
≡ sup
ε
{
{U1}A1=AS , {U2}A2=AS , {U3}A3=AS
}
≥ 0,
(22)
and the corresponding value of ε, say εS, is then formally written as
εS = argmax
{
sup
{
{U1}A1=AS , {U2}A2=AS , {U3}A3=AS
}}
(23)
This implies that εS = 2(k − 1)pi, k=1, 2,..., and that Um is
Um = inf
ε=εS
{
{U1}A1=AS , {U2}A2=AS , {U3}A3=AS
}
= −
US
2
≤ 0, (24)
That is
U ∈
(
−
US
2
, US
)
(25)
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Hence, the distribution function of U , say PU , can be formally expressed
by means of Pξ through the Frobenius–Perron equation [52]
PU (U) =
∫
Ξ
Pξ δ
(
U −
ξ˙ · ξ
ξ
)
dΞ (26)
With reference to Eq. (26), when ξ sweeps the sphere |ξ| = r, U describes
the corresponding interval given by Eq. (25). In isotropic turbulence there
are no privileged directions, thus the longitudinal component of the velocity
difference ξ˙ · ξ/ξ results to be uniformely distributed in its variation range
as ξ varies in such a way that |ξ| = r. The distribution function of U is then
formally obtained substituting Eq. (14) in Eq. (26)
PU =


2
3
1
US
, if U ∈
(
−
US
2
, US
)
0 elsewhere
(27)
Such distribution function provides 〈U〉ξ > 0 and, among the other proper-
ties, gives in particular the link between 〈U〉ξ and 〈U
2〉ξ, according to
〈U〉ξ =
1
2
√
〈U2〉ξ > 0. (28)
We conclude this section by observing that, the distribution (27) is the re-
sult of two elements: fully developed chaos and fluid incompressibility. The
fully developed chaos produces, in any case, the particles trajectories di-
vergence, and, in the particular case of infinite fluid domain, also the flow
statistical isotropy. The combined effect of trajectories divergence and fluid
incompressibility determines the domain of PU : the trajectories divergence,
representing element of instability, is responsible for the variation intervals
where U >0, whereas the incompressibility acts in opposite sense preserv-
ing the volume and determining regions where U <0. Next, the statistical
isotropy, providing no privileged directions, causes an uniform distribution
of U ∈ (−US/2, US). These results are in agreement with those just obtained
in Ref. [53], where, the author, adopting the Lyapunov theory, shows that
the finite scale Lyapunov exponent associated with Eq. (8) results to be
uniformely distributed in its variation range.
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4. Relation between spatial correlations in isotropic turbulence
One of the consequences of the hypotheses of fully developed turbulence
and statistical isotropy is the link between the statistical spatial correlations
calculated through Pξ and those obtained by means of F . Such property, in
conjunction with the previous analysis, leads to the analytical forms of the
closures of the von Ka´rma´n-Howarth and Corrsin equations.
Among the various statistical spatial correlation functions, consider for
our pusposes the pair correlation of the longitudinal components of velocity
〈uru
′
r〉. This can be calculated in terms of F as follows
〈uru
′
r〉 ≡
∫
U
F uru
′
r dU (29)
where 〈◦〉 denotes the average of ◦ calculated, through F , U = {u} × {ϑ},
dU stands for the corresponding elemental volume, and
ur = u(t,x) ·
r
r
, u′r = u(t,x + r) ·
r
r
, (30)
On the other hand, following the present analysis, in fully developed turbu-
lence, the kinematic bifurcations diverge. This result and the hypothesis of
statistical isotropy allow to analytically express 〈uru
′
r〉 as the average of uξu
∗
ξ
calculated as the surface integral over the spherical surface S(ξ): ξ = r, i.e.
〈uru
′
r〉 =
1
4pir2
∫
S(ξ)
uξu
∗
ξ dS(ξ), (31)
being
uξ = u(t,x) ·
ξ
ξ
, u∗ξ = u(t,x + ξ) ·
ξ
ξ
, (32)
Now, from Eq. (14), the surface integral of Eq. (31) is the layer integral
calculated through Pξ following the Minkowski content measure [54]. Hence,
in isotropic fully developed turbulence, the correlation 〈uru
′
r〉 can be also
expressed in terms of Pξ as follows
〈uru
′
r〉 =
∫
Ξ
Pξ uξu
∗
ξ dΞ ≡
〈
uξu
∗
ξ
〉
ξ
, ∀r > 0 (33)
where Ξ ≡ {ξ} and dΞ denotes the corresponding elemental volume. More
in general, a link of the kind of Eq. (33) will regard the several spatial
11
correlations built through velocity and/or temperature fields with both the
distribution functions. This represents the novelty of the present work with
respect the previous ones. While in the previous articles, Eq. (33) is assumed
to be hold intuitively, here this equation is obtained by means of the isotropy
hypothesis and of the properties of Pξ.
It is worth to remark that Eq. (33) holds only when r is strictly positive
and when the kinematic bifurcations diverge. On the contrary, in case of
non developed turbulence, such as during the transition through interme-
diate stages of turbulence, or in more complicate situations with boundary
conditions, for instance near the wall, Eq. (33) cannot be applied.
In conclusion, although F and Pξ are two different and independent distri-
bution functions, the hypotheses of fully developed turbulence and statistical
isotropy relate the various spatial correlations calculated through F to those
achieved by means of Pξ.
5. Closure of von Ka´rma´n–Howarth and Corrsin equations
Starting from the statistical independence (12) and adopting Liouville
theorem, the closure formulas of von Ka´rma´n-Howarth and Corrsin equations
are here obtained through the properties of Pξ given by Eqs. (33) and (54)
(see Appendix).
In fully developed isotropic homogeneous turbulence, the pair correlation
functions of longitudinal velocity components and of temperature, defined as
f(r) =
〈ur(t,x)ur(t,x+ r)〉
u2
≡
〈uru
′
r〉
u2
,
fθ(r) =
〈ϑ(t,x)ϑ(t,x + r)〉
θ2
≡
〈ϑϑ′〉
θ2
.
(34)
satisfy the von Ka´rma´n–Howarth equation [1] and Corrsin equation [3, 4],
respectively. These equations, properly obtained from the Navier–Stokes and
heat equations written in two points of space, x and x + r, read as follows
∂f
∂t
=
K
u2
+ 2ν
(
∂2f
∂r2
+
4
r
∂f
∂r
)
+
10ν
λ2T
f,
∂fθ
∂t
=
G
θ2
+ 2χ
(
∂2fθ
∂r2
+
2
r
∂fθ
∂r
)
+
12χ
λ2θ
fθ,
(35)
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the boundary conditions of which are
f(0) = 1, lim
r→∞
f(r) = 0,
fθ(0) = 1, lim
r→∞
fθ(r) = 0,
(36)
being u ≡
√
〈u2r〉, θ ≡
√
〈ϑ2〉, where λT ≡
√
−1/f ′′(0) and λθ ≡
√
−2/f ′′θ (0)
are Taylor and Corrsin microscales, respectively. The quantities K and G,
arising from inertia forces and convective terms, give the energy cascade, and
are in terms of velocity and temperature fields according to [1, 3, 4](
3 + r
∂
∂r
)
K =
∂
∂rk
〈uiu
′
i (uk − u
′
k)〉 ,
G =
∂
∂rk
〈ϑϑ′ (uk − u
′
k)〉 ,
(37)
where the repeated index denotes the summation convention. Following the
theory [1, 3, 4], K and G are linked to the longitudinal triple velocity corre-
lation function k, and to the triple correlation between ur and ϑ, according
to
K(r) = u3
(
∂
∂r
+
4
r
)
k(r), where k(r) =
〈u2ru
′
r〉
u3
,
G(r) = 2uθ2
(
∂
∂r
+
2
r
)
m∗(r), where m∗(r) =
〈urϑϑ
′〉
θ2u
,
(38)
As well known from the literature [1, 3, 4], without particular hypotheses
about the statistics of u and ϑ, K and G are unknown quantities which can
not be expressed in terms of f and fθ, thus at this stage of this analysis,
both the correlations equations (35) are not closed.
To obtain analytical forms of K and G, observe that these latter, repre-
senting the energy flow between length scales in the fluid, do not modify the
total amount of kinetic and thermal energies [2, 3]. On the other hand, the
proposed statistical independence property (12) allows to express ∂P/∂t as
sum of two terms
∂P
∂t
= Pξ
∂F
∂t
+ F
∂Pξ
∂t
(39)
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the first one of which, related to ∂F/∂t, provides the time variations of
velocity and temperature fields, whereas the second one, linked to ∂Pξ/∂t,
not producing changing of u2 and θ2, identifies the energy cascade effect.
Therefore, K and G arise from the second term of (39), and can be written,
using the Liouville theorem (11) in terms of material displacements ξ, taking
into account flow homogeneity and fluid incompressibility. Specifically, from
Eq. (11), K and G directly arise from −F∂(Pξ ξ˙)/∂ξ and are calculated as
follows (
3 + r
∂
∂r
)
K = −
∫
U
∫
Ξ
F
∂
∂ξ
·
(
Pξξ˙
)
uiu
∗
i dUdΞ,
G = −
∫
U
∫
Ξ
F
∂
∂ξ
·
(
Pξξ˙
)
ϑϑ∗dUdΞ,
(40)
where U = {u} × {ϑ}, Ξ = {ξ} and dU and dΞ are the corresponding
elemental volumes, and
ui = ui(t,x), u
∗
i = ui(t,x+ ξ), i = 1, 2, 3,
ϑ = ϑ(t,x), ϑ∗ = ϑ(t,x+ ξ),
(41)
Integrating Eqs. (40) with respect to U , and considering that in incompress-
ible isotropic turbulence 〈uiu
′
i〉 is related to f through [2, 1]
〈uiu
∗
i 〉 = u
2
(
3 + ξ
∂
∂ξ
)
f(ξ) (42)
we obtain (
3 + r
∂
∂r
)
K = −u2
∫
Ξ
∂
∂ξ
·
(
Pξξ˙
)
〈uiu
∗
i 〉 dΞ
= −u2
∫
Ξ
∂
∂ξ
·
(
Pξξ˙
)(
3 + ξ
∂
∂ξ
)
f(ξ) dΞ,
G = −θ2
∫
Ξ
∂
∂ξ
·
(
Pξξ˙
)
fθ(ξ) dΞ,
(43)
As Pξ is represented by a Dirac’s delta distribution (14), thanks to Eq. (54)
(see the Appendix), to the fluid incompressibility and to the isotropy, K and
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G read as (
3 + r
∂
∂r
)
K = u2
(
3 + r
∂
∂r
)∫
Ξ
Pξ
∂f
∂ξ
· ξ˙ dΞ
= u2
(
3 + r
∂
∂r
)∫
Ξ
Pξ
∂f
∂ξ
ξ
ξ
· ξ˙ dΞ,
(44)
G = θ2
∫
Ξ
Pξ
∂fθ
∂ξ
· ξ˙ dΞ = θ2
∫
Ξ
Pξ
∂fθ
∂ξ
ξ
ξ
· ξ˙ dΞ, (45)
As K does not modify the average kinetic energy (K(0)=0), Eq. (44) admits
first integral which cancels (3 + r∂/∂r), K and G are
K = u2
∫
Ξ
Pξ
∂f
∂ξ
U dΞ = u2
∂f
∂r
〈U〉ξ ,
G = θ2
∫
Ξ
Pξ
∂fθ
∂ξ
U dΞ = θ2
∂fθ
∂r
〈U〉ξ ,
(46)
Furthermore, the variance of U is linked to the velocity correlation by means
of the relationship〈
U2
〉
ξ
≡
〈
(u∗ξ − uξ)
2
〉
ξ
= 2u2 (1− f(r)) ,
being uξ = u(t,x) ·
ξ
ξ
, u′ξ = u(t,x+ ξ) ·
ξ
ξ
(47)
where f is now calculated as the average of uξu
∗
ξ/u
2 through Pξ using Eq.
(33), and 〈U〉ξ and 〈U
2〉ξ are related with each other through Eq. (28).
This leads to the closure formulas of K and G in terms of autocorrelations
and of their gradients
K(r) = u3
√
1− f
2
∂f
∂r
,
G(r) = uθ2
√
1− f
2
∂fθ
∂r
,
(48)
These closures, being not based on the eddy viscosity concept, do not exhibit
second order derivatives of correlations, thus Eqs. (48) do not represent a
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diffusive model. These equations are the result of the trajectories divergence
in the continuum fluid, for which the mechanism of turbulence cascade con-
sists in a propagation phenomenon of the pair correlations f and fθ between
the several scales r with a variable propagation speed cT which depends on
r and u, according to
cT = u
√
1− f
2
(49)
The main asset of Eqs. (48) with respect to the other closures is that such
equations are not the result of phenomenological assumptions, being these
achieved by means of Liouville theorem and statistical independence of ξ
and u expressed by Eq. (12). It is worth to remark the importance of this
latter. Such equation, being the hypothesis of fully developed turbulence of
this analysis, allows to analytically express K and G separating the effects
of the trajectories divergence in the physical space from those of the velocity
field fluctuations in the Navier–Stokes phase space. Due to their theoretical
foundation, Eqs. (48) do not exhibit free model parameters or empirical
constants which have to be identified.
These closures coincide with those just obtained by the author in the
previous works [29, 30, 31, 45]. While these latter derive such formulas ex-
ploiting, among the other things, the finite–scale Lyapunov theory, here,
unlike the previous articles, Eqs. (48) are obtained only using the Liouville
theorem and the hypothesis of fully developed chaos, showing that the pro-
posed closures do not need the finite–scale Lyapunov theory, resulting this
latter to be a sufficient theoretical tool for achieving the same formulas.
Refs. [29, 30, 31] and [55] show that such closures adequately describe
the energy cascade phenomenon, reproducing, negative skewness of velocity
difference in very good agreement with the litarature [32, 33, 34, 35, 36, 37],
the Kolmogorov law and temperature spectra in line with the theoretical
argumentation of Kolmogorov, Obukhov–Corrsin and Batchelor [38, 39, 40],
with experimental results [41, 42], and with numerical data [43, 44].
We conclude this section by observing the limits of the proposed closures
(48). These limits directly derive from the hypotheses under which Eqs.
(48) are obtained: Eqs. (48) are valid only in regime of fully developed chaos
where the turbulence exhibit homogeneity and isotropy. Otherwise, during
the transition through intermediate stages of turbulence, or in more complex
situations with particular boundary conditions, for instance in the presence
of wall, Eqs. (48) cannot be applied.
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6. Appendix: Some properties of Dirac’s delta distribution
This section renews some of the more significant properties of the Dirac’s
delta distribution [56, 57, 58] useful to the purposes of the present analysis.
As well known, the Dirac’s delta distribution, δ(x), is a generalized func-
tion obtained as limit of a class of strongly peaked functions [57]. The Dirac’s
delta exhibits the basic property∫
∞
−∞
δ(x− x0)f(x) dx = f(x0) (50)
where f is an arbitrary smooth function of x. Among the other properties,
we mention the equations which involves the Dirac’s delta, its derivatives
δ(h)(x) and arbitrary differentiable functions f∫
∞
−∞
δ(h)(x)f(x) dx = −
∫
∞
−∞
δ(h−1)(x)
∂f
∂x
dx, h = 0, 1, 2, ... (51)
which lead to express the Dirac’s delta derivatives in terms of δ
δ(h)(x) = δ(x)
(−1)hh!
xh
, h = 0, 1, 2, ... (52)
In a n–dimensional space Sn, x ≡ (x1, x2, ..., xn), the Dirac’s delta is
defined as
δ(x) =
n∏
k=1
δ(xk) (53)
If f ≡ (f1, f2, ..., fn), such this distribution and f satisfy the following identity∫
∞
−∞
∫
∞
−∞
...
∫
∞
−∞
∇xδ(x) · f dX = −
∫
∞
−∞
∫
∞
−∞
...
∫
∞
−∞
δ(x)∇x · f dX,
where dX = dx1dx2...dxn,
(54)
f1, f2,...,fn are arbitrary smooth scalar functions of x, and · and ∇x·, stand
for respectively, inner product and divergence operator, both defined in Sn.
17
7. Conclusion
The closure formulas of von Ka´rma´n–Howarth and Corrsin equations are
achieved using Liouville theorem and rate of the material lines distribution
function in isotropic homogeneous turbulence. These closures coincide with
those given in previous works which adopt also the finite–scale Lyapunov
analysis. The present work corroborates the previous results, giving a proof
of the closures more general and more rigorous than that presented in the
previous works, and showing that such closures do not need the Lyapunov
analysis, the latter being a sufficient theoretical element that leads to the
same formulas.
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